ABSTRACT. In this note, it is shown that several results concerning mean equicontinuity proved before for minimal systems are actually held for general topological dynamical systems. Particularly, it turns out that a dynamical system is mean equicontinuous if and only if it is equicontinuous in the mean if and only if it is Banach (or Weyl) mean equicontinuous if and only if its regionally proximal relation is equal to the Banach proximal relation.
INTRODUCTION
Throughout this paper, a topological dynamical system is a pair (X , T ), where X is a non-empty compact metric space with a metric d and T is a continuous map from X to itself.
We all know that equicontinuous systems have simple dynamical behaviors. By the well known Halmos-von Neumann theorem, a transitive equicontinuous system is conjugate to a minimal rotation on a compact abelian metric group, and (X , T, µ) has discrete spectrum, where µ is the unique Haar measure on X . In this note, we discuss the systems with equicontinuity in the mean sense.
Recall that a dynamical system (X , T ) is called mean equicontinuous if for every ε > 0, there exists a δ > 0 such that whenever x, y ∈ X with d(x, y) < δ , we have lim sup n→∞d n (x, y) < ε, whered n (x, y) =
x, T i y).
A notion called stable in the mean in the sense of Lyapunov or simply mean-L-stable is introduced by Fomin [4] . We call a dynamical system (X , T ) mean-L-stable if for every ε > 0, there is a δ > 0 such that d(x, y) < δ implies d(T n x, T n y) < ε for all n ∈ Z + except a set of upper density less than ε. Oxtoby [14] , Auslander [1] and Scarpellini [15] also studied mean-L-stable systems. It is easy to see that a dynamical system is mean-L-stable if and only if it is mean equicontinuous. Answering an open question in [15] , it was proved by Li, Tu and Ye in [12] that a minimal mean equicontinuous system has discrete spectrum. We refer to [6, 7, 8, 9, 10, 13] for further study on mean equicontinuity and related subjects.
In the study of a dynamical system with bounded complexity (defined by using the mean metrics), recently Huang, Li, Thouvenot, Xu and Ye [10] introduced a notion called equicontinuity in the mean. We say that a dynamical system (X , T ) is equicontinuous in the mean if for every ε > 0, there exists a δ > 0 such that 1 n ∑ n−1 i=0 d(T i x, T i y) < ε for all n ∈ Z + and all x, y ∈ X with d(x, y) < δ . It was proved in [10] that for a minimal system the notions of mean equicontinuity and equicontinuity in the mean are equivalent. In this note we will show that a dynamical system is mean equicontinuous if and only if it is equicontinuous in the mean (Theorem 3.8).
In [12] the notion of Banach (or Weyl) mean equicontinuity was introduced, and the authors asked if for a minimal system Banach mean equicontinuity is equal to mean equicontinuity. This question was answered positively in [2] . In this note we will show that in fact for any system the two notions are equivalent (Theorem 5.1). Moreover, in [12] the authors showed that if (X , T ) is mean equicontinuous, then its regionally proximal relation is equal to the Banach proximal relation. In this note we will prove that the converse statement is also valid (Theorem 4.3).
Moreover, we define a notion called regionally proximal relation in the mean and we show that the mean equicontinuous structure relation is the smallest closed invariant equivalence relation that contains regionally proximal relation in the mean (Theorem 6.5).
The note is organized as follows. In Section 2, the basic notions used in the note are introduced. In Section 3, among other things we show that mean equicontinuity is equal to equicontinuity in the mean. In Section 4, we prove that if the regionally proximal relation is equal to Banach proximal relation then the system is mean equicontinuous. In Section 5, we prove the equivalence of mean equicontinuity and Weyl mean equicontinuity. In the final section, we discuss the question which relation induces the maximal mean equicontinuous factor.
PRELIMINARIES
In this section we recall some notions and aspects of the theory of topological dynamical systems.
2.1. Subsets of non-negative integers. Let Z + (N, Z, respectively) be the set of all nonnegative integers (positive integers, integers, respectively).
Let F be a subset of Z + (N, Z, respectively). Denote by #(F) the number of elements of F.
We say that F has density D(
Similarly, we say that F has Banach density if the lower Banach density of F (BD * (F)) is equal to the upper Banach density of F (BD * (F)), that is, BD(F) = BD * (F) = BD * (F), where,
2.2.
Compact metric spaces. Denote by (X , d) a compact metric space. For x ∈ X and ε > 0, denote B(x, ε) = {y ∈ X : d(x, y) < ε}. We denote by diam(X ) the diameter of X given by diam(X ) = sup x,y∈X d(x, y), the product space X × X = {(x, y) : x, y ∈ X } and the diagonal ∆ X = {(x, x) : x ∈ X }. Let C(X ) be the set of continuous functions on X with the supremum norm f = sup x∈X | f (x)|. We denote by C(X ) * the dual space of C(X ).
2.3. Topological dynamics. Let (X , T ) be a dynamical system. A non-empty closed invariant subset Y ⊂ X (i.e., TY ⊂ Y ) defines naturally a subsystem (Y, T ) of (X , T ). A system (X , T ) is called minimal if it contains no proper subsystem. Each point belonging to some minimal subsystem of (X , T ) is called a minimal point. The orbit of a point x ∈ X is the set Orb(x, T ) = {x, T x, T 2 x, . . . , }. The set of limit points of the orbit Orb(x, T ) is called the ω-limit set of x, and is denoted by ω(X , T ). For x ∈ X and U,V ⊂ X , put For two dynamical systems (X , T ) and (Y, S). Let π : X → Y be a continuous map. If π is surjective with π • T = S • π, then we say that π is a factor map, the system (Y, T ) is a factor of (X , T ) or (X , T ) is an extension of (Y, T ). If π is a homeomorphism, then we say that π is a conjugacy and that the dynamical systems (X , T ) and (Y, S) are conjugate. By the Halmos and von Neumann theorem (see [16, Theorem 5 .18]), a minimal system is equicontinuous if and only if it is conjugate to a minimal rotation on a compact abelian metric group.
A pair (x, y) ∈ X × X is said to be proximal if for any ε > 0, there exists a positive integer n such that d(T n x, T n y) < ε. Let P(X , T ) denote the collection of all proximal pairs in (X , T ). If any pair of two points in X is proximal, then we say that the dynamical system (X , T ) is proximal.
A pair (x, y) ∈ X × X is said to be Banach proximal if for any ε > 0, d(T n x, T n y) < ε for all n ∈ Z + except a set of zero Banach density. Let BP(X , T ) denote the collection of all Banach proximal pairs in (X , T ). See [11] for a detailed study on Banach proximality.
A pair (x, y) is called regionally proximal if for every ε > 0, there exist two points
A factor map π : (X , T ) → (Y, S) is called proximal (Banach proximal, respectively) if whenever π(x) = π(y) the pair (x, y) is proximal (Banach proximal, respectively ).
An equicontinuous factor of (X , T ) is maximal if any other equicontinuous factor of (X , T ) is an extension of it. It is thus unique up to conjugacy and therefore referred to as the maximal equicontinuous factor. Let π : (X , T ) → (Y, S) be the factor map to the maximal equicontinuous factor. The equivalence relation R π = {(x, y) ∈ X × X : π(x) = π(y)} is called the equicontinuous structure relation. It is shown in [3] that the equicontinuous structure relation is the smallest closed invariant equivalence relation containing the regionally proximal relation.
2.4. Invariant measures. For a dynamical system (X , T ), we denote by M(X , T ) the set of T -invariant regular Borel probability measures on X . It is well known that M(X , T ) is always nonempty. We say that (X , T ) is uniquely ergodic if M(X , T ) consists a single measure. We regard M(X ) as a closed convex subset of C(X ) * , equipped with the weak * topology. Then M(X ) is a compact metric space. An invariant measure is ergodic if and only if it is an extreme point of M(X , T ).
The action of T on X induces an action on M(X ) in the following way:
Hence (M(X ), T ) is also a topological dynamical system.
For a measure space (X , B, µ). If f and g are functions on X , we denote by
For a dynamical system (X ,
The following theorem is well known. (1) (X , T ) is uniquely ergodic;
which converges pointwise on X to a constant. (4) (X , T ) contains only one minimal set, and for each f ∈ C(X ), { f n } ∞ n=1 converges uniformly on X .
MEAN EQUICONTINUITY AND EQUICONTINUITY IN THE MEAN
In this section we will show that mean equicontinuity is equal to equicontinuity in the mean. Moreover, we will discuss what kinds of minimal sets can be appeared in a transitive mean equicontinuous system. 3.1. Mean equicontinuity and equicontinuity in the mean. We start with the following characterizations of equicontinuous in the mean systems. To do this, we need a simple lemma. (1) (X , T ) is equicontinuous in the mean;
Proof. We only present the proof (1) implies (2) and the rest is similar to the proof of [12, Theorem 3.3] .
To make the idea of the proof clearer, when proving (1)⇒(2), we assume f ∈ C(X ) instead of f ∈ C(X × X ), because if (X , T ) is equicontinuous in the mean if and only if so is (X × X , T × T ).
(1)⇒(2) Fix f ∈ C(X ) and ε > 0. By continuity of f , there exists η ∈ (0,
For every n ∈ N and x, y ∈ X with d(x, y) < δ , let
Then #(I n (x, y)) ≤ ηn. So for every n ∈ N and x, y ∈ X with d(x, y) < δ , we have
is uniformly equicontinuous. Before proving the main result of this section we give a proof of a result in [14] which is outlined there. We need the following lemmas. 
Now we are ready to show
Proof. Without loss of generality, we can assume that X = Orb(x, T ).
If M 1 , M 2 are two minimal sets in (X , T ). By Auslanser-Ellis theorem, there exist y 1 ∈ M 1 and y 2 ∈ M 2 such that (x, y 1 ) and (x, y 2 ) are both proximal. For a given ε > 0,set
By Lemma 3.4, A 1 ∩ A 2 = / 0 which implies that (y 1 , y 2 ) is proximal. As y 1 and y 2 are minimal points, then their orbit closures are equal which deduces that M 1 = M 2 . So there is only one minimal set in (X , T ), denoted by M.
It is clear that (M, T ) is also mean equicontinuous. By Lemma 3.3, (M, T ) is equicontinuous in the mean. Then (M,
Now we begin to prove the main result of this section. We need the following lemma. Proof. (supp(ν), T ) is a transitive system since ν is an ergodic measure on X . By Theorem 3.6, (supp(ν), T ) is uniquely ergodic, and so, it is minimal. Now we are ready to show the main result. Note that our method is different from the proof for the minimal case. Proof. If (X , T ) is equicontinuous in the mean, it is clear that (X , T ) is mean equicontinuous. Now assume that (X , T ) is mean equicontinuous. If (X , T ) is not equicontinuous in the mean, then there are x k , y k , z ∈ X , n k ∈ Z + , k = 1, 2, · · · and ε 0 > 0 such that lim k→∞ x k = z = lim k→∞ y k and for every k ∈ Z + 1 n k
, we may assume µ k → µ(otherwise we may consider the subsequence), where µ ∈ M(X × X , T × T ).
We claim that µ(supp(µ)
By the ergodic decomposition, we have ν(supp(µ) \ ∆ X ) > 0 for some ergodic measure on X × X . Thus, there exists a minimal point in supp(µ) \ ∆ X , since supp(ν) is a minimal set by Lemma 3.7. Denote this minimal point by (u, v).
There are infinitely many k ∈ Z + with 0
It is a contradiction, thus (X , T ) is equicontinuous in the mean.
3.2.
Minimal sets in a transitive mean equicontinuous system. In Theorem 3.6 we have shown that a transitive mean equicontinuous system is uniquely ergodic, and thus it contains a unique minimal subset. Here we will discuss what kinds of minimal sets can be appeared in a transitive mean equicontinuous system. Proof. (1) . If (X , T ) is mean equicontinuous and weakly mixing, then (X × X , T × T ) is transitive, thus it is uniquely ergodic by Theorem 3.6. As we know µ × µ and µ ∆ are invariant measure on X × X for any invariant measure µ on X , thus µ × µ = µ ∆ . µ ∆ (∆ X ) = 1 implies µ must be δ x for some x ∈ X . Hence (X , T ) is also uniquely ergodic and the unique fixed point is x.
(2). If (X , T ) is mean equicontinuous and totally transitive, it has only one minimal set by Theorem 3.6, denoted by M. Then (M, T ) is totally minimal. Actually, (X , T n ) is also a transitive mean equicontinuous system for every n ∈ N, again by Theorem 3.6, there is only one T n -invariant measure on X denoted by µ n . Let µ be the unique invariant measure on (X , T ) and it is also invariant on T n , hence µ = µ n and M = supp(µ) = supp(µ n ), which implies (M, T n ) is minimal. It is clear that (X , T ) is mean equicontinuous. Now let (X 1 , T 1 ) be a totally minimal mean equicontinuous system and (X 2 , T 2 ) be a weakly mixing system such that the uniquely ergodic measure is supported on a fixed point p. Then, (X 2 , T 2 ) is mean equicontinuous and (X 1 × X 2 , T 1 × T 2 ) is the system we want.
(3). The first statement follows again by Theorem 3.6. Let (X 1 , T 1 ) be a minimal mean equicontinuous system and (X 2 , T 2 ) be a weakly mixing system such that the uniquely ergodic measure is supported on a fixed point p. Then, (X 2 , T 2 ) is mean equicontinuous and (X 1 × X 2 , T 1 × T 2 ) is the system we want.
REGIONALLY PROXIMAL AND BANACH PROXIMAL RELATIONS
Lemma 3.4 shows that for a mean equicontinuous system (X , T ), we have BP(X , T ) = P(X , T ) = Q(X , T ). We will show the converse is also valid, i.e. for a dynamical system (X , T ), if BP(X , T ) = P(X , T ) = Q(X , T ) then it is equicontinuous in the mean. In fact we will prove more by providing a series of equivalent statements, see Theorem 4.3 for details.
We start with some preparations. The following lemma is just a simple observation.
Proof. Assume that µ(∆ X ) < 1, i.e. µ(BP(X , T ) \ ∆ X ) > 0, As X is a compact metric space there exists a closed set F ⊂ supp(µ) ∩ BP(X , T ) \ ∆ X with µ(F) > 0. By the ergodic decomposition theorem, there exists an ergodic measure ν with ν(F) > 0. By Birkhoff ergodic theorem there exists z ∈ F such that
then we have D (N(z, F) ) > 0. We choose neighborhoods U and V of F and ∆ X respectively with U ∩V = / 0, then BD(N(z,U )) ≥ D (N(z, F) ) > 0. On the other hand, we have BD(N(z,V )) = 1, since z ∈ BP(X , T ). The contradiction shows the lemma.
For a minimal system the following result was known, see [2] and [12] . We now show it holds for a general system. Theorem 4.3. Let (X , T ) be a dynamical system. Let (Z, S) be the maximal equicontinuous factor of (X , T ) and π : (X , T ) → (Z, S) be the factor map. Then the following conditions are equivalent:
(1) (X , T ) is mean equicontinuous; (2) π is Banach proximal; Here we provide a proof for completeness.
Let µ be an invariant measure on (X , T ) and ν be the invariant measure on (Z, S) with π(µ) = ν. We consider the disintegration of µ over ν. That is, for a.e. y ∈ Z we have a measure µ y on X such that supp(µ y ) ⊂ π −1 (y) and µ = y∈Z µ y dν.
we have µ y × µ y (∆ X ) = 1 a.e. y ∈ Z. Then for a.e. y ∈ Z, there exists a point c y ∈ π −1 (y) such that µ y = δ c y .
Let Y 0 be the collection of y ∈ Z such that µ y is not equal to δ x for any x ∈ X . Then
Now we show that X 0 is a measurable set. In fact, the map y → µ y from Z 0 to M(X ) is measurable and x → δ x is an embedding. Since Z 0 is a measurable set and maps are 1-1, it follows from Souslin's theorem that X 0 is a measurable set, and it is clear that
is not equicontinuous in the mean, then there are x k , x ∈ X , n k ∈ Z + , k = 1, 2, · · · and ε 0 > 0 such that lim k→∞ x k = x and for every k ∈ Z + 1 n k
Let π(x k ) = z k and π(x) = z. We define
By taking the subsequence, there exists µ and
There are open sets U and V of X with U ∩V = / 0 and µ(U ×V ) > 0. Let µ ′ and ν ′ be the projection of µ and ν onto the first component of X and Z respectively. It is clear that µ ′ ∈ M(X , T ) and ν ′ ∈ M(Z, S). It is easy to see
it is a contradiction. This shows (X , T ) is mean equicontinuous.
MEAN EQUICONTINUITY AND WEYL MEAN EQUICONTINUITY
Following [2] and [12] , a dynamical system (X , T ) is called Banach mean equicontinuous or Weyl mean equicontinuous if for every ε > 0, there exists a δ > 0 such that
for all x, y ∈ X with d(x, y) < δ . It is clear that each Weyl mean equicontinuous system is mean equicontinuous. It is shown in [2] that if a minimal system is mean equicontinuous then it is Weyl mean equicontinuous. In this section we show that for a general dynamical system mean equicontinuity is equivalent to Weyl mean equicontinuity. That is, we have
is mean equicontinuous if and only if it is Weyl mean equicontinuous.
Before proving the Theorem, we need the following lemma.
Lemma 5.2. If a dynamical system (X , T ) is uniquely ergodic, then for any f ∈ C(X , R) and x ∈ X ,
Proof. Let µ be the unique invariant measure on (X , T ). Then for any f ∈ C(X , R) and
If the conclusion does not hold, then there exist f ∈ C(X , R), x ∈ X and two sequences {n k } and {m k } with n k − m k → ∞ such that
As M(X ) is compact, passing to a subsequence if necessary we may assume that
It is easy to see that ν is an invariant measure. As (X , T ) is unqiuely ergodic then ν = µ. So
This is a contradiction.
Proof of Theorem 5.1. As (X , T ) is mean equicontinuous, then so is (X × X , T × T ). Fix (x, y) ∈ X × X . By Theorem 3.6, (Orb((x, y), T ×, T ), T × T ) is uniquely ergodic. Now applying the above theorem to the distance function d(·, ·) and (x, y), we get
Then the result follows from the definition.
We now give the following conclusion to end this section. Proof. Assume that there are x k , y k , z ∈ X , n k , j k ∈ Z + , k = 1, 2, · · · and ε 0 > 0 such that lim k→∞ x k = z = lim k→∞ y k and for every k ∈ Z + 1 n k
, and then µ k ∈ M(X × X ). We may assume µ k → µ(otherwise we may consider the subsequence), where
By ergodic decomposition theorem, we have ν(supp(µ) \ ∆ X ) > 0 for some ergodic measure ν on X × X , thus there exists a minimal point (u, v) in supp(µ) \ ∆ X since supp(ν) is a minimal set by Lemma 3.7.
Thus for any l ∈ Z + there exist infinte
There are infinitely many
which implies lim sup
It is a contradiction which shows the theorem.
MEAN EQUICONTINUOUS RELATION
It is well known that the equicontinuous structure relation is the smallest closed invariant equivalence relation containing the regionally proximal relation. In [12] the authors showed that each topological dynamical system admits a maximal mean equicontinuous factor. Inspired by the above ideas, we now define a new notation called sensitive pair in the mean and introduce the mean equicontinuous structure relation. We show that the maximal mean equicontinuous factor is induced by the smallest invariant closed equivalence relation containing the regionally proximal relation in the mean. Definition 6.1. Let (X , T ) be a dynamical system. We say (x, y) is a sensitive in the mean pair, if x = y or there is ε 0 > 0 such that for any ε > 0, there are two points x ′ , y ′ ∈ X and n ∈ N with
Let Q me (X , T ) be the set of all sensitive in the mean pairs in (X , T ), and we call that sensitive in the mean relation .
Clearly, if T is a homeomorphism, then Q me (X , T ) ⊂ Q(X , T ). Let S me (X , T ) be the smallest closed T × T invariant equivalence relation such that X /S me (X , T ) is a mean equicontinuous system. We will show that S me (X , T ) is the smallest closed T ×T invariant equivalent relation that contains sensitive in the mean relation. This will be done through the following lemmas.
First we observe that Lemma 6.2. Let (X , T ) be a dynamical system. Then (X , T ) is not mean equicontinuous system if and only if there exists x, x k ∈ X , n k ∈ N and ε 0 > 0, such that x k → x,
It is well known that a dynamical system is equicontinuous if and only if Q(X , T ) = ∆ X . We have a similar result for mean equicontinuous system. Lemma 6.3. Let (X , T ) be a dynamical system, then (X , T ) is mean equicontinuous if and only if Q me (X , T ) = ∆ X .
Proof. If (X , T ) is mean equicontinuous, it is clear that Q me (X , T ) = ∆ X .
Conversely, assume that Q me (X , T ) = ∆ X . Suppose that (X , T ) is not mean equicontinuous. By Lemma 6.2, there are x k , x ∈ X , n k ∈ Z + and 
Let T i k y k → y ′ and T i k y → y ′′ , then y ′ = y ′′ . Without loss of generality, we can choose x k , x, x ′ , x ′′ with π(x k ) = y k and x k → x, T i k x k → x ′ , T i k x → x ′′ . Clearly (x ′ , x ′′ ) ∈ Q me (X , T ), sinced
Thus y ′ = π(x ′ ) = π(x ′′ ) = y ′′ , it is a contradiction.
By Lemma 6.3 and Lemma 6.4, we have the main result in this section.
Theorem 6.5. Let (X , T ) be a dynamical system. Then S me (X , T ) is the smallest closed T × T invariant equivalence relation containing Q me (X , T ). 
